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“I propose agreement with Benford’s law as a test of reasonableness for such data 

[from economic models].” Varian, 1972, The American Statistician, p. 65. 

 
 
I. Introduction 

How do we detect the presence of human error in our data?  Most of our tests of data integrity 

are investigations of consistency and robustness in various forms.1  Alternatively we employ 

crude tests of mathematical randomness.  Do other numerical methods of assessing the 

“reasonableness” or practical randomness of the data we use to describe real-world economic 

phenomena exist?  Are there any mechanisms that might help us detect when tampering or 

improper interpolation has occurred? 

 This study relies on Benford’s Law, a numerical regularity named after its discoverer, the 

American physicist Frank Benford. Benford (1938) demonstrated that the first digits of numbers 

describing many naturally occurring phenomena, i.e., those generated by a geometric process, do 

not occur with equal frequency.  Lower digits (i.e., 1, 2, and 3) occur with greater frequency in 

tabulated natural data than larger digits.  Varian (1972) and others studying tabulated data have 

proposed that studying the frequency of various digits provides an ideal test of whether the 



  

numbers are generated by a natural (i.e., geometric) process.  Finding that data do not conform to 

Benford’s Law should raise concerns about the process that generated them.2 

 Such a test is rare in empirical economics.  Most of the debate concerns speculation about 

potential identification problems or biases inherent in a given econometric specification.  The 

naturalness of the data is assumed.  The closest tests we have are attempts to establish 

randomness, but, as we will see, simple randomness is inadequate.  Rarely is the underlying 

process that generated the data considered in any systematic way.  Knowledge of Benford’s Law 

– that naturally generated series of observations will have first digits that do not conform to the 

uniform distribution – provides an easy and low cost way of testing for non-naturalness in a data 

set. 

 In this paper we apply Benford’s Law to one of the most commonly used data sets in 

economics: international macroeconomic statistics.  Much of our understanding of 

macroeconomics is based on national income accounting data.  Clearly, raw nominal gross 

domestic product (GDP) in a county's home currency over a long enough time horizon or across 

a broad enough cross section should conform to Benford’s Law.3  The underlying process is a 

natural one and, in the limit, should conform to a geometric process.  The interesting question is 

why violations of Benford’s Law might occur.  There are two primary possible answers: 1) the 

                                                                                                                                                                           
1 See, for example, Griliches (1985). 
2 There are a number of necessary conditions for a series to have first digits conforming to Benford’s Law, 
including spanning at least two orders of magnitude and approximating some geometric process without artificial 
truncation.  Crudely speaking, random draws from sets of numbers each subject to a geometric progression – such 
as country GDP or heights of buildings in various cities – will produce a Benford series. Raimi (1976) provides a 
useful survey of the literature and summarizes the various conditions involved.  See some of the discussion in the 
next section. 
3 Suppose that a series grows at a rate ρ so that the next value the series takes on is (1+ρ).  The series will double in 
a fixed number of years.  If a series then starts with 1, with a set number of years it will begin with a 2.  Given a set 
number of years it will have more 1s than 2s, more 2s than 3s, etc. 



  

violation is the result of purposeful tampering,4 or 2) a transformation of the data has distorted 

the data in some fashion.5 

 The need to assess the quality of GDP data is nothing new.  In his critique of 

macroeconomics, Brenner (1994) devotes considerable attention to the poor quality of the data 

on which we test many of our theories.  Sizable revisions of government statistics are frequent 

items in major newspapers.  Summers and Heston (1991) go so far as to provide letter grades, A-

F, for the quality of the country-level data used to generate the Penn World Tables.  While some 

countries have relatively high-quality data, overall Summers and Heston give the world fairly 

low marks (a C- average).  Given this wide variation in data quality, a technique for assessing 

the naturalness of the data would be particularly useful.  The technique suggested by Varian 

(1972), Nigrini (1996), Ley (1996) and others is to test the conformity of the series to Benford’s 

law. 

To illustrate the intuition behind Benford, we employ Monte Carlo simulations to show 

how the economic processes that underlie GDP data will generate the Benford distribution. 

Broadly speaking, country GDP figures should be consistent with the Benford distribution when 

countries are heterogeneous in their initial levels (e.g., population, currency relative to the US 

dollar, per-capita income) and then grow. We then test subsets of the Penn World Data from 

1950-2004 against the Benford distribution and reach some conclusions that may warrant future 

research. In a reassuring result, while the Benford tests flag potential problems, few are in OECD 

data, the highest quality data in the Penn World dataset according to Summers and Heston 

                                                      
4 See Brenner (1994) for several examples of tampering with macroeconomic data. 
5 A third possibility is that the transformation compresses the data to the extent that the necessary orders of 
magnitude no longer hold. 



  

(1991).  In contrast, several of the subsets from an area to which they give poor grades show 

serious deviation from the Benford distribution. 

 

II. Benford's Law 

Beginning in 1938, Benford observed that numerical measures of natural phenomena had first 

digits that did not appear with equal frequency.  Tables of numbers covering material as diverse 

as the surface area of rivers or the street addresses of the first 342 persons listed in American 

Men of Science produced frequencies of occurrence of the number 1 as the first digit of about 0.3 

rather than 0.11 as the simple uniform distribution would predict.  In general, he postulated that 

the frequency of the digit p being the first digit of a decimal number could be approximated by 

Pr(p) = log10(p + 1) – log10(p) and published his findings as the “Law of Anomalous 

Numbers.”6  Since that time, numerous other researchers have investigated the curious fit of this 

formula to various numerical measures, and the formula has come to be known as Benford’s 

Law.  Those nine predicted first-digit frequencies are then 

Pr(p=1) = 0.301 Pr(p=4) = 0.097 Pr(p=7) = 0.058 

Pr(p=2) = 0.176 Pr(p=5) = 0.079 Pr(p=8) = 0.051 

Pr(p=3) = 0.125 Pr(p=6) = 0.067 Pr(p=9) = 0.046 

 It is not entirely clear why this law seems to have such predictive value, though 

mathematicians have derived a number of results that are relevant to its application.7 Benford 

and others have argued for the law’s reflection of the supposedly general logarithmic character 

                                                      
6 Benford’s work was preceded by Newcomb (1881), a note that provided an intuitive derivation of the distribution. 
It had no empirical examples and no explanation of the expected digital frequencies other than the claim that “The 
law of probability of the occurrence of numbers is such that all mantissas of their logarithms are equally probable.” 
7 For example, Pinkham demonstrates that Benford’s Law is the only distribution of first digits that is scale 
invariant. See Raimi (1976). 



  

of natural phenomena.  In general, naturally occurring data ranked from smallest to largest are 

hypothesized to form or to approximate a geometric sequence (the latter point developed by 

Raimi, 1976), which would then obey Benford’s Law. A more recent treatment by Hill (1996) 

proposes a statistical interpretation: 

 

“[I]f probability distributions are selected at random and random samples are then 

taken from each of these distributions in any way so that the overall process is 

scale (or base) neutral, then the significant-digit frequencies of the combined 

sample will converge to the logarithmic distribution.” 

 

That is, they should obey Benford’s Law.  Thus, any such sequence or union of sequences 

meeting the above criteria that also spans a range of at least two orders of magnitude should 

obey Benford’s Law.  Following convention, we define data that conform to this logarithmic 

sequence to be “reasonable” or “natural.” 

Although the epistemological status of Benford’s Law is still subject to debate, there are 

increasing grounds for believing that the law can be used as a test for the naturalness of data.  

This idea of studying whether a particular set of numbers fits Benford’s Law, and of detecting 

outliers by observing deviations therefrom, has already been used in the accounting literature. 

Nigrini uses analyses of numerical frequency to detect, among other things, the presence of 

fraudulent bank checks (Nigrini, 1996). 

 There has been comparatively little discussion of Benford’s Law in economics, but two 

of the contributions are especially worthy of note:  1) In unpublished work from the 1940s, 

George Stigler independently derived a slightly different version of the logarithmic distribution 



  

of first digits inductively, but did not pursue the matter further (cf. discussion in Raimi, 1976); 2) 

In 1972, Hal Varian proposed consistency with Benford’s Law as a minimal test of naturalness 

when evaluating data used in economic modeling.  He argued that if, for example, input data into 

an economic model were to obey Benford’s Law but output data were not, then that should serve 

to alert the researcher to the possibility of problems with the model.  It is also possible that wide 

deviations from Benford’s Law in data that should otherwise be consistent would indicate 

problems needing investigation such as large structural shifts in the underlying phenomena or 

perhaps even direct tampering with the data. 

 As Benford hypothesized and letting D1 represent the first digit of a number, we can 

specify the expected digital frequencies as 

P (D1 = d1) = log10 (1 + (1/ d1)); d1  ∈  {1, 2, …, 9}    (1) 

There are two important results from Raimi (1976) concerning Benford sets.  The first is that a 

Benford set cannot be truncated (e.g., all cities with a population of 100,000 or more). The 

second is that the union of Benford sets is still Benford, that is, combining two or more data sets 

that are natural will produce a natural data set. This result and the result noted above that 

Benford sets are scale invariant allow us to combine time series of national income accounts, in 

their home currency at current prices, with the expectation that if the underlying series are 

Benford, the combined set will be Benford.   

 Before comparing various subsets of the international macro data to Benford’s Law, it is 

important to clarify the method used to conduct our test. We employ an appropriate variation of 

Pearson’s chi-squared test 
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where θ̂  represents the observed frequencies, N is the number of observations, and f(i) are the 

frequencies predicted by Benford’s Law. As N grows large, this statistic becomes sufficiently 

precise that statistically significant deviations from Benford may become too “easy,” and some 

measure of economic significance may be required.   

 

III. Monte Carlo Simulations of Conformity to Benford’s Law 

We use Monte Carlo simulations to illustrate how reasonable and conventional assumptions 

about underlying GDP growth can lead to datasets that exhibit conformity to Benford’s Law. The 

general framework of our simulations is to allow the components of a country’s GDP in its own 

currency to evolve. Later observations are then tested against the Benford distribution. Initial 

levels (populations, per-capita income, and currency exchange with the US dollar) are drawn 

from log-normal distributions that are parameterized to mimic observations from the Penn World 

Data from 1970.8 Annual population growth rates are assumed to be 2% and annual growth rates 

of nominal per-capita income (USD) are assumed to be 7.25%.  The underlying parameters, their 

implications, and basic comparisons to the 1970 observations can be found in the appendix, as 

can other details regarding the simulations. Simulations are performed 100 times, and reported 

results are generally robust to the number of periods of evolution before observation and the 

number of observations.9 

 Table 1 displays the Benford first digit predictions, the average simulated first digit 

percentages, the average chi-squared statistic, and percentage of times that the chi-squared 

                                                      
8 As a crude control for inflation, the parameters controlling the distribution of per-capita income imply averages 
and standard deviations about half as large as the 1970 observations.  
9 We also performed Monte Carlo simulations that allowed for heterogeneous initial growth rates and random walks 
in the level of currency exchange rate and the growth rates in population and per-capita income. Using the notation 
in the appendix, we allowed the various σ2 parameters to take on strictly positive values.  These simulations 



  

statistic implies rejection at various confidence levels. Frequencies in Table 1-A are based upon 

20 countries each observed for 50 periods and shows the case where growth rates in population 

and income are constant and identical and all heterogeneity comes from initial levels. In this 

setting, the Benford predictions hold almost perfectly. The near-match of the first-digit 

percentages is perhaps deceptive, as it could be achieved primarily by averaging across 

simulations. The average chi-squared statistic, however, is definitive, and no simulated sample 

can reject the Benford distribution with any conventional level of confidence. Similar results 

using 180 countries for 50 periods are shown in Table 1-B, so applying the Benford test to larger 

samples should also be viable.  

 

Table 1: Monte Carlo simulations of nominal GDP in home currencies  
- 1st digit frequencies: Benford predictions and average observed 

frequencies across 100 simulations 
    

Digit Benford A B 
1 0.3010 0.3009 0.3012 
2 0.1761 0.1763 0.1761 
3 0.1249 0.1248 0.1249 
4 0.0969 0.0968 0.0970 
5 0.0792 0.0793 0.0791 
6 0.0669 0.0667 0.0668 
7 0.0580 0.0581 0.0580 
8 0.0512 0.0513 0.0512 
9 0.0458 0.0456 0.0456 
 Avg χ2(8) 0.7053 0.7496 

                                 %reject@90% 0% 0% 
Note: Column A shows results using 20 countries over 50 years (N=1000); Column B, 180 
countries over 50 years  (N=9000); both simulations evolve for 10 years before being observed. 

 

 

                                                                                                                                                                           
indicated that sufficient variation along either dimension could destroy Benfordness, which we interpret to mean 



  

IV. Penn World Data 

We make some minor changes to the Penn World Data set before testing for the Benford 

distribution.10  First, we drop the four countries for which there exists only a single observation 

(Angola, Guyana, Libya, and the Seychelles). Second, we omit Germany, as its treatment as a 

single country from 1970 to 2004 calls into the question the value of either the data before or 

after reunification in 1990. Finally, we accommodate the introduction of the euro by converting 

nominal euro values into the original home currencies at the 1999 euro exchange rate. After 

these modifications, we are left with an unbalanced panel of 183 countries for 7295 observations. 

In addition to nominal GDP in the home currency, we consider several transformations: real 

GDP in home currency, nominal GDP in US dollars, and real GDP in US dollars. Inflation 

adjustments make use of the Laspeyres correction to 2000 price levels, and transformation to US 

dollars uses either purchasing power indices (PPI) or market exchange rates (ExRat). We focus 

upon two subsets of this data: OECD countries and African countries. 

 The Benford test, of course, is useful only if it flags worrisome data but not good data. 

The application to the subset of OECD countries is especially interesting in this latter regard.11 

Macroeconomic data from OECD countries are widely considered to be the “gold standard” in 

terms of quality, and Summers and Heston (1991) gave this group an A for data quality. Our 

priors are therefore that Benford’s Law should hold quite well here. Table 2 displays the results 

when we examine the first digit of OECD nominal GDPs in home currencies as well as various 

transformations.  

 

                                                                                                                                                                           
that these extensions are inconsistent with naturally occurring data-generating processes. 
10 The dataset is PWT 6.2 and is available at http://pwt.econ.upenn.edu/php_site/pwt_index.php. 



  

Table 2: OECD GDP (23 countries, N=1264)    
 - 1st digit frequencies: Benford predictions and observed frequencies  
        

  
Home 
Curr 

Home 
Curr 

$    
(PPI) 

$ 
(ExRat) 

$    
(PPI) 

$ 
(ExRat) 

  Nominal Real Nominal Nominal Real Real 
Digit Benford A B C D E F 

1 0.3010 0.2737 0.2856 0.3212 0.3133 0.3236 0.3180 
2 0.1761 0.1756 0.1582 0.1646 0.1646 0.1551 0.1867 
3 0.1249 0.1242 0.1282 0.0981 0.1155 0.1052 0.1131 
4 0.0969 0.1084 0.1052 0.0926 0.1028 0.0973 0.1028 
5 0.0792 0.0910 0.0823 0.0791 0.0862 0.0767 0.0736 
6 0.0669 0.0704 0.0815 0.0759 0.0815 0.0688 0.0665 
7 0.0580 0.0609 0.0625 0.0570 0.0388 0.0601 0.0570 
8 0.0512 0.0554 0.0530 0.0585 0.0522 0.0625 0.0427 
9 0.0458 0.0403 0.0435 0.0530 0.0451 0.0506 0.0396 
 χ2(8) 8.7389 9.1085 14.5519 15.8290 13.3434 7.2416 
 p-value 0.3648 0.3332 0.0685 0.0449 0.1006 0.5108 

Note: Sample includes countries that were members of OECD prior to 1980 and excludes 
Germany. Inflation adjustments use Laspeyres correction to 2000 price levels. 

 

The first two columns (nominal and real GDP in home currencies) show that the first-

digit percentages generally match the Benford predictions, and this similarity is reflected by the 

relatively low chi-squared statistics. We cannot reject the Benford distribution with any 

conventional level of confidence for either subsample. While the transformations shown in 

columns C-F show some statistically significant deviation from Benford, these transformations 

might involve sufficient compression or transformation of the data that the base assumptions for 

Benford conformity might not hold.  However, these suggest room for further investigation of 

whether standard macro transformations are changing the data in unanticipated ways.  

Nevertheless, Benford’s Law as applied to the OECD data generally confirms that the 

industrialized nations have reasonable data. 

                                                                                                                                                                           
11 Given the recent expansion of the OECD, we limit ourselves to those countries that were members prior to 1980. 



  

 What about subsamples of data for which we have less favorable priors? Summers and 

Heston give data from Third World countries broadly failing grades and so we consider whether 

Benford can detect problematic data by next looking at Africa (47 countries, 2038 observations). 

While there is little reason to question the ability of African governments to post nominal GDP 

in home currencies, the data that underlie common transformations (inflation adjustments, 

purchasing power indices, etc.) may be sufficiently bad that such transformations destroy the 

quality of the data. Table 3 shows first-digit results for these African countries.      

Table 3: Africa GDP (47 countries, N=2038)    
 - 1st digit frequencies: Benford predictions and observed frequencies  
        

  
Home 
Curr 

Home 
Curr 

$    
(PPI) 

$ 
(ExRat) 

$   
(PPI) 

$ 
(ExRat) 

  Nominal Real Nominal Nominal Real Real 
Digit Benford A B C D E F 

1 0.3010 0.2851 0.2782 0.2944 0.2920 0.2532 0.3395 
2 0.1761 0.1712 0.1639 0.1673 0.1806 0.1609 0.1634 
3 0.1249 0.1222 0.1364 0.1364 0.1237 0.1590 0.1389 
4 0.0969 0.0962 0.0996 0.1016 0.1011 0.0957 0.0775 
5 0.0792 0.0795 0.0707 0.0662 0.0883 0.0839 0.0638 
6 0.0669 0.0785 0.0751 0.0599 0.0677 0.0672 0.0608 
7 0.0580 0.0662 0.0623 0.0594 0.0471 0.0731 0.0496 
8 0.0512 0.0554 0.0584 0.0628 0.0530 0.0584 0.0510 
9 0.0458 0.0456 0.0554 0.0520 0.0466 0.0486 0.0554 
 χ2(8) 9.3275 18.3533 16.8476 7.6839 48.1357 36.8870 
 p-value 0.3154 0.0187 0.0317 0.4649 0.0000 0.0000 

Note: Sample excludes Angola and Libya (each of which had a single observation). Inflation 
adjustments use Laspeyres correction to 2000 price levels. 

 

While Benford sufficiently describes nominal GDP in home currencies (Table 3-A), we can 

reject with some confidence that real GDP in home currencies (Table 3-B) is reasonable by 

Benford standards (18.353, p = 0.019). The test therefore flags the quality of African inflation 

                                                                                                                                                                           
Our sample (omitting Germany) is then 23 countries for 1264 observations.  



  

numbers as a topic that merits more attention. A similar, though less striking, result holds for 

nominal GDP in USD. When market exchange rates are used (Table 3-D), Benford holds quite 

well, but when purchasing power indices are used (Table 3-C), Benford is rejected (16.848, p = 

0.032). The implied chi-squared statistics for real GDP in USD are both remarkably high (PPI 

48.136, EXC 36.887), but after those transformations the data become sufficiently compressed 

that we hesitate to ascribe too much importance to the Benford rejection. 

 We conclude our empirics by examining the entire sample of countries from the Penn 

World Data. Table 4 displays results on the observed first-digit frequencies. These frequencies 

illustrate the power of the Benford predictions, as 

 

Table 4: World GDP (183 countries, N=7295)    
 - 1st digit frequencies: Benford predictions and observed frequencies   
        

  
Home 
Curr 

Home 
Curr 

$    
(PPI) 

$ 
(ExRat) 

$   
(PPI) 

$ 
(ExRat) 

  Nominal Real Nominal Nominal Real Real 
Digit Benford A B C D E F 

1 0.3010 0.2931 0.2824 0.3165 0.2891 0.3046 0.3060 
2 0.1761 0.1701 0.1804 0.1718 0.1775 0.1690 0.1838 
3 0.1249 0.1206 0.1326 0.1219 0.1308 0.1406 0.1376 
4 0.0969 0.0965 0.0980 0.0920 0.1006 0.0903 0.0932 
5 0.0792 0.0824 0.0779 0.0717 0.0859 0.0769 0.0759 
6 0.0669 0.0740 0.0714 0.0637 0.0707 0.0595 0.0621 
7 0.0580 0.0636 0.0584 0.0547 0.0525 0.0588 0.0511 
8 0.0512 0.0548 0.0541 0.0584 0.0481 0.0526 0.0461 
9 0.0458 0.0448 0.0448 0.0493 0.0447 0.0476 0.0441 
 χ2(8) 16.5430 16.4496 26.1625 17.6274 27.4885 27.0654 
 p-value 0.0352 0.0364 0.0010 0.0242 0.0006 0.0007 

Note: Sample excludes Angola, Guyana, Libya and Seychelles (each of which had a single 
observation) and Germany for concerns regarding unification. Inflation adjustments use 
Laspeyres correction to 2000 price levels. 

 



  

the match to the predicted frequencies is very tight. This table also illustrates the potential 

necessity of distinguishing between statistical and economic significance, as Benford can be 

rejected for all variables with at least 95% confidence and much higher confidence in a few 

cases. Regardless of this difficulty, these results showcase the tendency of geometric processes 

to converge to the Benford first-digit predictions. 

  

V. Conclusion 

In this study we have raised more questions than answers. This is the nature of Benford’s Law.  

The meaning of a violation of naturalness is the epistemological question that underlies all 

applications of Benford’s Law.  While non-correspondence to Benford’s Law does not guarantee 

that human error or an economically interesting phenomenon was involved, it is a smoking gun.  

Such non-correspondences, when observed, suggest that researchers should examine the process 

by which their data was generated. At a minimum, data that do not conform to Benford’s Law 

require a theoretical explanation for the non-correspondence before cross-country comparisons 

are made.   Moreover, are there instances in which tests for randomness are better replaced with 

tests for conformity with the Benford distribution?  Certainly, there are any number of instances 

in which the underlying randomness we wish to explore is not simple white-nose randomness, 

and Benford-like properties are likely to emerge.  Benford’s Law is also useful in analyzing the 

transformations frequently performed on economic data.  Varian’s suggested test is that, if the 

input data conform to Benford's law and the post transformation data do not, the research should 

question the transformation. In the case of national income accounting data, as with most of 

empirical economics, such a discussion is rare.  Most of the debate in economic journals and 



  

conferences centers on identification and potential bias in econometric models with an 

underlying assumption that the data have been naturally generated 

 While the Benford test cannot be viewed as definitive, perhaps correspondence with 

Benford’s Law can and should be used by economists as a useful first cut in their analysis of 

large data sets and as a means of highlighting possible sources of error in either the data or the 

transformations undergone by the data.  Moreover, one should not overestimate how great a 

handicap is the lack of a definitive test for conformity to Benford’s Law.  It is worth reminding 

ourselves that the standard 95% confidence interval widely adopted in statistics is merely a 

convention with no a priori claim as a definitive cutoff.  Moreover, it is well-known that 

statistical significance and economic significance are not necessarily coincident.  Much the same 

is true of other tests such as those for causality or unit roots.   None of them can be viewed as 

definitive clear-cut filters that pass or fail bad results.  The virtues of existing tests are simply 

that their properties and their flaws are better known and understood.  Benford’s Law gives us a 

potentially powerful new tool to be added to the economic statistician’s repertoire of tests.   

Further research will only add to the value of this unique cross-disciplinary numerical tool. 

 

Appendix 

Monte Carlo simulations and comparisons to 1970 observations (n=152) 

Initial levels 

Population (in Ks):   ln(Pop0,j) ~ N(8.5, (1.7)2) 

  Predictions:   E(Pop) = 20848, std(Pop) = 85940 

  1970 observations: E(Pop) = 21039, std(Pop) = 82547 

Currency conversion:   ln(PPI0,j) ~ N(1.7, (1.5)2) 



  

 Predictions:  E(PPI) = 16.86, std(PPI) = 49.12 

 1970 observations: E(PPI) = 20.36, std(PPI) = 49.53 

Per-capita income (USD): ln(cgdp0,j) ~ N(6, (1)2) 

  Predictions:  E(cgdp) = 665, std(cgdp) = 872 

  1970 observations: E(cgdp) = 1470, std(cgdp) = 1604 

Initial growth rates 

Population:   PopGR0,j ~ N(0.02, σ2
PopGR) 

 1970 observations: E(PopGR) = 2.26%, std(PopGR) = 1.62%  

Per-capita income:  ln(cgdpGR0,j) ~ N(0.07, σ2
cgdpGR) 

 1970 observations: E(cgdpGR) = 7.62%, std(cgdpGR) = 5.92% 

Random walks: 

Population growth:  PopGRt,j = PopGRt-1,j + e1t,j,  

e1~N(0, σ 2
PopRW) 

Currency conversion:  PPIt,j = PPIt-1,j (1 + e2t,j), e2~N(0, σ 2
PPIRW) 

Per-capita income growth: cgdpGRt,j = cgdpGRt-1,j + e3t,j,  

e3~N(0, σ2
cgdpRW) 

From the initial conditions, variables evolve for 10 periods without being combined into 

an observed GDP. These variables then evolve for an additional 50 periods, and observed GDPt,j 

= Popt,j*PPIt,j*cgdpt,j is used in the first-digit calculations. 
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